AdS black holes exhibit van der Waals type phase transition. In the extended phase-space formalism, the critical exponents for any spacetime metric are identical to the standard ones. Motivated by this fact, we give a general expression for the Helmholtz free energy near the critical point which correctly reproduces these exponents. The idea is similar to the Landau model which gives a phenomenological description of the usual second order phase transition. Here two main inputs are taken into account for the analysis: (a) black holes should have van der Waals like isotherms and (b) free energy can be expressed solely as a function of thermodynamic volume and horizon temperature. Resulting analysis shows that the form of Helmholtz free energy correctly encapsulates the features of Landau function. We also discuss the isolated critical point accompanied by nonstandard values of critical exponents. The whole formalism is then extended to other two criticalities, namely Y − X and T − S (based on the standard; i.e. non-extended phase-space), where X and Y are generalized force and displacement, whereas T and S are horizon temperature and entropy. We observe that in the former case Gibbs free energy plays the role of Landau function, whereas in the later case that role is played by the internal energy (here it is black hole mass). Our analysis shows that, although the existence of van der Waals phase transition depends on the explicit form of the black hole metric, the values of the critical exponents are universal in nature.
I. INTRODUCTION
Black hole shows considerable similarity with other thermodynamical objects. The temperature, entropy etc. associated with the event horizon, satisfy identical laws as those of the standard thermodynamics. This fact has been known for quite some time from the pioneering works of Hawking and Bekenstein [1] [2] [3] . Later this similarity has been extended upto phase transition level [4, 5] which shows that phase structure has one to one correspondence between black holes and standard thermodynamical systems.
In present day, though everybody agrees on the possibility of black hole phase transition (see [6, 7] for complete list and a general framework in these directions), there is no universal agreement on its interpretation. In one approach it is shown that the AdS black holes can exhibit a phase transition quite similar to liquid vapour transition. This was first noticed in [8, 9] in the nonextended phase space approach. Extended phase space description was later found in [10] . The remarkable thing is that the similarity is not only qualitative but also quantitative. The critical exponents of both the systems (liquid vapour and black hole) are exactly same (for a review and complete list of works, see [11, 12] ). In this approach, cosmological constant is treated as pressure, in addition to other variables -temperature, entropy, electric charge etc. This extended phase space approach has been found to be quite successful in describing phase transition of various AdS black holes (recent progresses in this direction can be followed from [13] [14] [15] [16] [17] ).
In a previous paper [18] , two of the authors showed that it is not necessary to calculate the critical exponents case by case for this type of black hole phase transition. If the existence of van der Waals like phase transition is assumed, no other assumption about the metric is necessary to obtain the values of the critical exponents. This naturally explains the universality of critical exponents for this type of black hole phase transition.
In thermodynamics, critical phenomena is a thoroughly analyzed topic. There it is well known that critical exponents of completely dissimilar processes (like liquid-vapour and ferromagnet to paramagnet phase transition) can be exactly same (see [19, 20] for details). The reason is that, near the phase transition point, upto certain order, van der Waals equation for fluid and Weiss equation for magnet are same. Taking this hint, Landau made a brilliant guess about a common free energy for all second order phase transition. The beauty of this approach is that, the expression of energy is obtained from general symmetry consideration without invoking any microscopic detail. This theory plays a central role in the study of critical phenomena because the values of critical exponents can be calculated easily from this Landau free energy (also known as Landau function).
It has been observed that, in the aforementioned type of black hole phase transition, equation of state is quite similar to the van der Waals equation near the critical point [10] . This suggests that a free energy for black hole can be proposed without detail consideration of the spacetime. In the present paper we explore this possibility. We find that, an expression for Helmholtz free energy can be given from general consideration alone where only assumption is the existence of van der Waals type phase transition. A sporadic attempt was done earlier in [8, 9] for non-extended phase-space approach.
Recently, within the domain of van der Waals type phase transition some points known as isolated critical points have been found where critical exponents have different values [21] [22] [23] [24] [25] . These values are somewhat unusual because they do not satisfy the scaling laws. In this paper we show that appropriate Helmholtz free energy can be constructed which will give the correct values of the exponents for the isolated critical points. The whole formalism is then used to study Y −X [26] and T −S [27] [28] [29] [30] [31] [32] [33] criticalities in non-extended phase space. In the former case Gibbs free energy and in the later case internal energy (for black holes, it is the mass) serve the purpose. Reassuringly in all the cases we get correct values of the critical exponents. Thus we show critical phenomena can be described correctly by three energy functions for three different cases. (i) For P − V criticality it is Helmholtz free energy, (ii) for Y − X criticality it is Gibbs free energy and (iii) for T − S criticality it is internal energy. These are the Landau functions of this type of black hole phase transition.
The organization of our paper is as follows. Section II contains the P − V criticality. Next two sections are devoted for analyzing the other two criticalities: Y − X and T − S, respectively. Finally we conclude in the last section.
II. P − V CRITICALITY
For AdS black holes, with varying cosmological constant, the first law of thermodynamics takes the form:
where M , T and S are mass, Hawking temperature and horizon entropy respectively. Here X i are generalized forces (e.g. electric potential Φ = Q/r + or angular velocity Ω) and Y i are generalized displacements (e.g electric charge Q or angular momentum J). In the above, cosmological constant has been interpreted as pressure (P = −Λ/8π) and V is known to the thermodynamic volume (for details of the above equation and concept of thermodynamic volume, see [17] ). Note that there is a sum over index i (with Einstein's summation convention) which runs over all possible charges of the black hole. It has been observed that Eq. (1) can be cast to the standard form of the first law of black hole mechanics
with energy identified as E = M − P V . So here mass M is treated as enthalpy.
The Helmholtz free energy F is defined as
Therefore the variation of the free energy, with the help of (2), can be written as
Therefore, in general F is a function of independent variables T , V and Y i . It has been observed that AdS black holes show van der Waals type feature when Y i s are kept constant [10] . Since we are interested in this case, we assume that there exists this type of phase transition and hence one can consider F = F (V, T ). Under this circumstance, Eq. (4) implies entropy and pressure can be obtained from free energy by the following relations:
It must be noted that, critical point is determined by the point of inflection of the isotherm. This means two conditions must be satisfied:
Here c refers to the critical point. These, by the second relation of Eq. (5), turn out to be
These will be useful for the next calculation. The thermodynamic quantities which show singular behaviour on the critical point are related by the critical exponents (α, β, γ, δ) as [34] 1 :
In the above C V and K T are the specific heat at constant volume and isothermal compressibility, respectively. Since we are interested on the behavior of the AdS black holes near the critical point, let us expand the Helmholtz free energy around this:
In the above, a ij is value of ∂ i+j F ∂V i ∂T j at the critical point. Note that, coefficients a 20 and a 30 are absent due to the conditions (6) . We shall observe that retaining terms upto
2 (T − T c ) will be sufficient for determining the critical exponents. This implies, as will be explained later, the free energy is sensitive upto order (T − T c )
The same also happens for the usual van der Waals gas system (see the discussion in "critical phenomena in fluids" of [20] ). In this case our free energy takes the following form:
where we have used
In the above constant coefficients are rescaled quantities of those appeared in (8) by the factors like V c and T c . Since explicit form of these are not important for our present discussion, we do not bother about their actual values.
With this near critical expression of F , let us now find the critical exponents of the theory. For that, let us note
Since, the thermodynamic pressure can be defined from the Helmholtz free energy as P = −(∂F/∂V ) T = −(1/V c ) (∂F/∂v) t (see second equation of (5)), one obtains the expression of the pressure in the following form
where the double primed constants are again rescaled values of the earlier constants. This notation will be adopted in later analysis also and hence from now on we shall not mention this explicitly. Defining π = P/P c , one gets Eq. (12) in a more useful form,
For the isothermal curves (fixed t) in the P-V diagram, it has to satisfy Maxwell's construction vdp = 0 [20] (as it has been already assumed that the AdS black hole perform van der Waals type phase transition), where p = P/P c − 1 = π − 1. Now note that dp = dπ = (a
where v l and v g are the volumes of the black hole at two phases. The above equation is valid for all the (noncritical) isotherms, which are near the critical point. Let us now focus on those isotherms which are very near to the critical one. If one considers a particular non-critical isotherm, then t is constant and v → 0 for the curve and therefore, the second term in (14) can be neglected in those cases. Thereafter, performing the integration and equating it to zero one gets v g = −v l . Remember, here v g and v l are calculated from the critical point, i.e., from v = 0. Now since pressure is same for both v l and v g , one can express (13) in terms of v l and v g , which yields
Since v g = −v l , writing v l in terms of v g and then subtracting the above two equations, one obtains
Since
So we find β = 1/2. This also implies that v ∼ (T −T c )
which was mentioned earlier to write Eq. (9). Setting t = 0 in the expression of π in (13) yields π − 1 = c
and therefore we obtain δ = 3. Let us now find out the relation between specific heat at constant volume and temperature. By definition C V = T (∂S/∂T ) V and therefore using the first equation of (5) one obtains
. From (9), one can straightforwardly obtain C V ∼ (1 + t)a ′ 02 . This implies that near the critical point it is just a constant; i.e.
and hence α = 0. The isothermal compressibility is defined as
T . From (12) one obtains
This means γ = 1. Note that, the obtained values of the critical exponents i.e., α = 0, β = 1/2, γ = 1 and δ = 3 obeys the scaling laws of the ordinary thermodynamic systems. These are:
It must be mentioned that, the values of critical exponents were obtained for various AdS black holes by considering the explicit form of the metrics. Here we see that if any black hole metric exhibit the van der Waals like isotherms and the free energy near critical point has the form (6), the phase transition must be associated with the above exponents.
Before proceeding further, let us discuss about the specific choice of the free energy (9) and the derived expression for pressure (12) . It must be noted that, the expressions are valid very near to the critical point which is defined by (6) . These conditions are based on the following fact. The isotherms; i.e. the P − V diagram for constant temperature, for an AdS black hole are exactly identical to those for the standard van der Waals system. Therefore, below the critical temperature, for a non-critical isotherm (i.e. which corresponds to nonzero (T − T c )), volume has three roots. As we increase the temperature, all these roots marge together to form a point of inflection, which is the critical point. Therefore, pressure should be a cubic function of volume and hence the Taylor series expansion of F must terminate to V 4 . Of course some other terms are absent due to the conditions (6). All these informations have been incorporated to propose the free energy in (9) . So if equation of state of a system has these properties, it should have a Helmholtz free energy of the form (9), and consequently have the obtained critical exponents.
In Landau's original formulation it has been argued that, in a second order phase transition symmetry is spontaneously broken. Mathematically speaking, Landau energy has one minima above the critical temperature and two minima below it. Since there must be one maxima between two minima, in general, slope of Landau energy must be zero at three different points. Or Landau energy should be quartic function of the response function (volume for liquid-vapour transition or magnetization for ferromagnet-paramagnet transition)
2 .
Thus it is clear that, presence of a ′ 40 in (9) is necessary due to the existence of three real roots of volume for a isotherm. Vanishing of it does not lead to van der Waals like system. The Helmholtz free energy for AdS black holes (as far as we know) have this crucial term and hence behave as van der Waals system. In summary, to test if F has similar form as (9) we need explicit form of the black hole but once it is confirmed that they are similar to van der Waals, one does not need to consider the explicit form of metric to find the critical exponents. Those can be obtained by the general expression (9) for free energy.
Another point may be worth mentioning. Here everything has been obtained just from the information of the Helmholtz free energy F . The similar was also done in the original work [10] for charged AdS black hole where F was found out by calculating the Gibb's free energy.
Using F , entropy was found out and consequently authors obtained the critical exponent α = 0. Here we show that, all the critical exponents can be derived just from the near critical expansion of F . In this sense, we are working with the same ensemble as the original one. To be specific, since throughout the analysis the charges (i.e. Y i ) have been taken as constant, the ensemble, here and in the original case, is the canonical one.
Having obtained the standard values of the critical exponents for AdS black holes, let us now concentrate on an exceptional case. There are few works [21] [22] [23] [24] [25] that describes the isolated critical point in Lovelock gravity characterized by a different set of critical exponents. Most of these works find the isolated critical point in 3rd-order Lovelock gravity . Presence of isolated critical point for any order Lovelock gravity has been, however, discussed in [23] . Moreover, the critical exponents, which are unlike to that of the van der Waals system, do not obey all the scaling laws mentioned in Eq. (21) .
On the isolated critical point, the P − V curves of various isotherms coincide (but do not cross each other); i.e. they just touch each other. Therefore, for the critical isotherm, the conditions of coincidence at the isolated singular point are given by
Above two relations come from the fact that pressure and the slope of the P − V curves (i.e., (∂P/∂V ) T ) are same on the isolated critical point for the different isotherms; or in other words, they are independent of the temperature. Note, that isolated critical point is a thermodynamic singular point as well [24] and therefore (∂P/∂V ) T = (∂P/∂T ) V = 0. So in this case, in addition to the conditions (6), isotherms must satisfy (22) at the critical point. As mentions above, the isolated critical point is obtained by the four conditions mentioned in (6) and (22) . Therefore, the free energy can be expanded in the following form
Due to the four conditions of the isolated critical point, the term containing v 2 , v 3 , vt and v 2 t do not appear here. As we shall show later, in this case v ∼ t and so the terms upto O(v 4 ) are kept in the above which are sufficient to extract the required information. In a straightforward manner, one obtains the expansion of the pressure near the isolated critical point as
Note, that in this case the equal area law for Maxwell construction is redefined as
Applying the same argument as earlier, one concludes v l = −v g . Also, the Eq. (16) gets modified as
which implies
Therefore one findsβ = 1. The relation between the pressure and the volume can be obtained by setting t = 0 in Eq. (24), which yields
implyingδ = 3 as in the earlier case. In this case, the variation of the specific heat with the temperature is the same as earlier, i.e.
near the critical point and henceα = 0. Also, the isothermal compressibility
T can be obtained from (24) , which yields
at V = V c . This meansγ = 2 in this case. Note, for the isolated critical point (α = 0,β = 1, γ = 2 andδ = 3) all the scaling laws of (21) are not satisfied. We found that onlyγ =β(δ − 1) remains valid. It implies that out of this three critical exponents (i.e., β,γ andδ) only two are independent.
III. Y − X CRITICALITY
It is well known that, Y − X [26] and T − S [27] [28] [29] [30] [31] [32] [33] criticalities take place in the non-extended phase space, where the cosmological constant is treated as a true constant of the theory. In this section, we shall find out the exponents of the thermodynamic quantities which become singular at the critical point. Those quantities are supposed to follow the following relations in terms of the critical exponents [28, 35] .
The Gibbs free energy is defined as
in the present context [36] and the internal energy E is the mass of the black hole (M ). Using the first law,
one obtains
Hence, G is a function of T and X i , i.e., G = G(T, X i ); and the conjugate quantities can be found out as
For the sake of generality in the analysis, we have started with the presence of multiple charges in the theory. However, when one discusses the criticality in the picture of a particular charge Y and its corresponding potential X, the other charges and the corresponding potentials are kept constant. Therefore, from here on we shall keep only X and Y , while the other charges will be suppressed. That will not create any loss of generality. Now, the criticality conditions of the Y − X criticality are written as
To provide a general prescription to determine the exponents for this criticality, we expand the Gibbs free energy about the critical point:
Following the same arguments as after Eq. (8), here also the coefficients b 02 and b 03 are absent in the above expansion due to the criticality conditions. It will be shown later that near the critical point, (X − X c ) ∼ (T − T c ) 1/3 . So, in the expansion of G(T, X), keeping O(T −T c ) in (T −T c ) and O(X −X c ) 4 in (X −X c ) will be enough for our purpose. One can, however, keep the higher order terms which will not make impact in the main analysis. Therefore, keeping the relevant terms in the expansion of G in terms of t and x = X Xc − 1, one obtains
Now, Y = (∂G/∂X) T = (1/X c )(∂G/∂x) t , which implies
and so
for T = T c . Therefore, we get δ = 3 . Also, from (38) we get
which implies β = 1/3. Now, the entropy is given as S = −(∂G/∂T ) X = −(1/T c )(∂G/∂t) x , which is found out to be
To obtain the last step, we have used Eq. (38). It is necessary because we want to obtain the expression of the specific heat C Y using the relation C Y = T (∂S/∂T ) Y = (1 + t)(∂S/∂t) Y from (41). Ultimately, one can get C Y = (1 + t)t −2/3 when Y = Y c . Taking the leading order contribution, we obtain
which implies α = 2/3. Now,
implying γ = 2/3. Let us mention that the obtained values of the critical exponents in this picture (α = 2/3, β = 1/3, γ = 2/3 and δ = 3) also obeys the scaling laws mentioned in (21) . These are again the same which were obtained by explicit use of black hole metric.
IV. T − S CRITICALITY
In literature one can found a number of papers that discusses the T − S criticality [27] [28] [29] [30] [31] [32] [33] . However, people usually do not study the critical exponents in this picture. Only a few [33] mentions that
and the value of α is expected to be the same as the Y − X criticality picture. This relation can be obtained starting from the internal energy. The critical point is determined by the following conditions
Remember, the internal energy (E), which is actually the mass of the black hole in this picture, is a function of entropy and the charges (see Eq. (32)). In the following, we have considered the presence of a single charge (Y ) to determine C Y , as the other charges can be taken as constants while obtaining C Y and, hence, all other charges (Y ′ s) and the corresponding potentials (X ′ s) can be suppressed in the theory. In this situation, from the first law dE = T dS + XdY , one obtains E = E(S, Y ) and
From the analogy of (9) 
which implies, α = 2/3. This exactly matches with the findings in [33] .
V. CONCLUSIONS
There are many similarities between black hole and usual thermodynamic systems. Recent studies show that if one interprets cosmological constant as a pressure term, black hole phase transition and liquid vapour transition are identical in nature. The critical exponents of both the systems are same and near the critical point equations of states are also same.
In usual thermodynamics, some common features of all second order phase transitions motivated Landau to construct a common energy function describing the behaviour of dissimilar systems near the critical point. This method is extremely powerful because structure of Landau energy can be given from general symmetry consideration without considering underlying statistical behaviour of molecules.
In this paper we followed the same spirit to study the black hole phase transition in extended space from energy point of view. We showed that, if one accepts the existence of van der Waals type phase transition for a black hole, it is possible to give an expression of Helmholtz free energy near the critical point. This Helmholtz energy can then be used to find the critical exponents. This naturally explains the universality of critical exponents. An interesting point is, within this framework, non-standard values of exponents for isolated critical point can be described.
Black hole phase transition in non-extended space has also been studied. The suitable energy function for Y −X criticality is Gibbs energy and for T − S criticality it is internal energy. The appropriate expressions of both these functions were obtained from general arguments and then critical exponents were calculated. Thus our approach to obtain the values of exponents is reminiscent of Landau's original approach to explain the universality of critical phenomena.
Finally, it has to be mentioned that our whole analysis is based on two inputs: (a) the AdS black holes perform van der Waals like phase transition with a critical point and (b) black hole obeys the first law of thermodynamics so that the Landau functions can be expressed in terms of relevant variables. What we found is that these set of Landau functions correctly reproduce the known critical exponents. This implies that if any system has the above features, that must be associated with these sets of exponents near the critical point. Therefore our analysis gives a strong reason for such universality. Hope this will shed some light in the black hole phase transition paradigm.
